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ABSTRACT

One of the objectives of this paper is to study the existence, uniqueness and stability
solutions of Fractional integral equations by using both methods Picard approximation and
Banach fixed point theorems. This paper guides us to develop the Picard approximation and
Banach fixed point theorems and to expand the results got by Butris.
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1. Introduction

1.1. Brief history review

Many results about the existence,
uniqueness and stability solutions of
Fractional integral equations have been
obtain by Picard approximation method
and Banach fixed point theorem that
were proposed by [7] which had been
later applied in many studies [2,4,5,6,8].
Fractional  calculusis a  branch
of mathematical analysis that studies the

several  different  possibilities  of
defining real number powers
or complex number powers of

the differentiation

integration operator.
Riemann in 1847 while a student wrote a
paper published posthumously in which
he gives a definition of a fractional
operation. Riemann was influenced by

operator and
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one of Liouville's memoirs in which
Liouville  wrote, "The  ordinary
differential equation has the
complementary solution. Thus should
have a corresponding complementary
solution." Then Riemann saw fit to add a
complementary  function to  his
definition of a fractional integration [3].
Butris [1] used both methods Picard
approximation and Banach fixed point
theorems for studying the existence and
uniqueness solutions to the following
fractional integral equations: -

u(t)
= uO + f(t)
t

o G

- s)o“ﬁ:Et, s)F(s,u(s), w(s))ds, (t
€ [a,b])

w(t)
=wp t+ gt(t)

1
+ m _[o(t
—$)* TH(t, s)G(s, u(s),w(s))ds
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In this equation the functions f(t) and
F(t,s) be continuous on (finite) interval
a <t < b and the square region a <t <
b, a < s < b, respectively.

Our work is extend some results of
Butris [1] to Volterra types, by using
also both methods.

Consider the following integrals
equations of Volterra types

u(t)
=u, + f(t)

F(a) ,f(
- s)“‘lK(t, S)F(s,u(s), w(s))ds ... ... (V)

and

w(t)
=wp + gt(t)

1
+ m ](t
— s)“‘lH(t, s)G(s,u(s),w(s))ds ...... (V)

where

ueD;, cR",weD, cR"DyD,area
compact domains.

The vector functions f(t), g(t) and
F(t,u, w), G(t,u, w) are define and
continuous on the domain

D
={(t,u,w);te RLue D, w
€ D,}. R @ )

Suppose that the vector functions
F(t,u, w) and f(t, u, w) satisfy the
following inequalities
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IF(Euw, W)l < My, )
Gt u, W)l <M,
IF(t, ug, wy) — F(t, up, wo)|
< K1 Il u; — up Y+ Kz [ Wi — W, Y
IG(t, uy, wi) — G(t, uz, wo)|
< Lyllu, — uz”B + Lallwy — Wz”B %

v~

(2

Forallt € R}, u,u;,u, € Dy, w,wy,w, €
D, where M;,M,,K;,K, and L, L, are

positive constant provided that

IK(t 9l < 8,679, |[H(t,s)|| <
867229 |t — s e-1< bl (3)

where 6,,8,, A1, > 0, with ||.|| =
MaXeepabil- |-

We define non-empty sets as follows: -

a—1 81 \

D =D, () 7\_1M1 Il um—1 —ug I i
B oa—1 62 B| "

Dg; =D, (o) E M, Il up—1 —ug |l )

Furthermore, we assume that the largest
Eigen-value of the matrix

Q= 1
o

l;()ilb"um 1~ Uo V=4
ba181
F())\
b*-18§,
(o) A,
bt 5,

I'(a) Az

b || Unp—1 — Ug 1Y

Li===b llun-1 —ug IP

L, blluy_q—ug lIB=2

greater than zero and less than one

ie 0 <Amax (Q)<
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b1 8,
= Klmk_ Il Up—1 — Ug ”Y’ E:
b 1 8, 8
Z
a—1 )
= L mx_z Il um—1 — Up
B
Define a sequence of functions
{fun (), wn (D) }m=o by the following
Un(8) = ug +£(0) + s [, (t ~
) TK(t, $)F(s, upm—1(5), W1 (s) )ds
with
uO(O) = Uy + f(t)
............................................. (6)
and
Wi (1)
=Wwo + g(t)

F()j(t

—s)*” 1H(t s)H(s, upm—1(8), win_1(s)) ds
with

wo(0) = wy +
={(0) IR (7))

1.2. Preliminaries

In this section, we give some definitions
and theorems which are needed in this
work.

Definition 1.[1].

Let (D,lI.Il) be normed space if T maps
D into itself, we say that T is a
contraction mapping on D if there exists
o€ R! with 0 <x< 1such that || Tx(t) —

Ty(®) I< a Il x(t) — y(©) I, (x(8),y(D)) € D.

b*— 181
2 T(o) A,

Definition 2.[1] (Lipchitz Condition)

||llm 1 — Up ”

Let f be a continuous function defined
onadomain D = {(t,x):a<t<b,c<

x < d}. Then f is said to satisfy a Lipchitz
condition in the variable x on D,
provided that a constant L > Oexists
with property that |f(t,x;) — f(t, x;)| <
L|x; — x,|, for all (t,x,), (t,x,) € D. the
constant L is called a Lipchitz constant
for f.

Definition 3. [8] (Stability)

A solution x(t) is said to be stable if for
each € > 0, there exists a 6 > 0 such that
any solution X(t) which satisfies

|| X(to) — x(ty) || < & for some t,, also
satisfies || X(ty) — x(ty) || < eforall t >
to.

Definition 4. [8]

Let x = f(t,x) be a system of differential
equation and let x(t)be a solution
defined for t > t,. The solution x(t) is
said to be stable is for each € > 0 there
exists a positive § = 6(€), such that any
solution X(t) which is defined at t = t,
and satisfied || X(x,) — x(ty) IS 8 is
defined for all t > t, and satisfies ||

X() —x(t) lI< eforall t>t,.

Definition 5. [1]

Let {f, (t)}m=0 be a sequence of
functionsf defined on a set E € R!
we say that {f, (t)};-oconverges
uniformly to the limit function f on E
if given € > 0 there exists a positive
integer such that [f,,(t) — f(t)| <,

(m>=N,t€E).
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Theorem 1. [1] (Banach fixed pointl
theorem)

E be a Banach space. If T is a contraction
mapping on E, then T has one and only
fixed point in E.

Theorem 2. [1]

Let c[0, h] be a space of all continuous
functions on [0, h], for all x(t) €
c[0, h], we denoted || x(t) lI= trer%g\)é]lx(t)l.

Then (c[0, h], || ||) is a Banach space.

1. Existence Solutions of (V)
and(V,).

The investigation of the existence
solution of (V;) and(V,) will be the
introduced by the following
theorem:-

Theorem4. Let the vector functions
f(t), g(t)and F(t,u,w), G(t,u, w)
defined and continuous on the
domain (1) suppose these functions
are satisfying the inequalities (2),(3)
and the conditions (4), (5). Then
there exist a sequence of functions (6)
and (7) converges uniformly on the
domain

G*
= {(t!UOJWO)
€ [a,b] X Dy
X Do} e e vt e e vt e e e e (8)

u(t)
W(t))
which is a continuous on the domain
(1) and satisfies the following
integral equations:-

to the limit vector function (
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(u(t)) _

w(t)

/ up + f(t) + %

| f_too(t — $)*7IK(t, $)F(s, up(s), wo(s))ds
wo + () + 15

\f_too(t — $)*LH(t, 5)G(s, up(s), wo(s)) ds

and it is exist solution of (V;) and(V,).

Provide that

( [lum () = uoll )
[Wm (1) — woll
bl &

[...(10)

<
P Pk %2 I G
F(O() }\2 2 um—l uO /

and

( lum+1(t) — up (Bl
Wm41(0) = wo (Ol
e e (11)

)<QE-Q v,

forall t € [a,b] and u, € D, w, €
Dg, m=0,12,....

where
pa—1 81
M — Y
@ aon Il up—q —ug i
l.IJO = ba—l 52 B

By mathematical indication we can
prove that

llum (t) — ol
a-1 81

= m}\—lMl Il U1 —ug

LA ¢ V)
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That is uy, (t) € Dg, for all t € [a,b] and
Ug € DF'

Similarly, from the sequence of
functions (7) and we obtain that

[lwm (1) — woll
b%— 1 82
<
['(a) A,
[N & i)

—M; ll up—1 —up

That is w,,(t) € Dg, for all t € [a,b] and
Wpo € DG'

Next we shall prove that the sequences
of functions (6) and (7) converge
uniformly on the domain (8). Then by
mathematics induction we have

b_81

”um+1(t) - um(t)” =T Ay M1 [ Unp—1 —

o I (Ky Nl U (8) = um—1 () 17+
Ky i Wm(t) -
Wine1 (O 1Y) s e e e e e (14)

and

ba—l 82

”Wm+1(t) - Wm(t)” < ml_z M, I up—q —

Up 1% (L 1l upm (®) = 3 (©) 1P+
Lol Wm(t) -
Wi (O 1F) (15)

Rewrite (14) and (15) in a vector form
we get

WYhir < Q(t)
<¥, TR @ 1<)
where
_ o Tmgr (© —un Ol
Py = (”Wm+1(t) - Wm(t)”)

lum(® = Uy (O
Fm = <||wm(t) - wm_l(t)n)'

and

QM) =
b*— 151
1) 24

b*— 181

2 T(a) Ay
bo— 182
I'(a) Az
pa-1s,

o2 — B
O tll Umn—1 — Up Il

=t Unp-1 — Ug 1Y

=t || Umn-1 — Upg Y

Ly tll upm—g —ug IIP

L

Now we take the maximum value for
the both sides of the inequality (16)

qu+1
S QWi coe vvr e eor e eer e ers e ens e e (17)

where Q = maXe[, QD).

By repetition of (17) we find that Wy,4; <
Q™Y; and also we get

m [oe]
Z ¥ < Z QW e (18)
i=1 i=1

Using the condition (15) , thus the
sequence of functions (6) and (7) are
uniformly convergent, that is

m
lim Qm—1y,
m—-0o
Oo1=1
— Z Qm—lq_j
i=1
=(1=Q) Wy e ces e e er e (19)
Let

Since the sequence of function (6) and
(7) are defined and continuous in the
domain (1) then the limit vector function
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u(t)
(W(t)
the domain (1).

By using the conditions and inequalities
of a theorem , we can prove that the
inequalities (10) and (11) will be
satisfied for all t € [a, b],uy € Dg, w, € Dg
,m=0,12.....

) is also defined and continuous in

2. Uniqueness Solutions of
(V1) and (V3).

The investigation of the
uniqueness solutions of (V;) and (V,)
will be introduced by :-

Thoremb. Let all assumptions and
conditions of Theorem 3 be satisfied.

u(t)

Then the solution (w ®

(Vy) and (V).

Proof. Let (;((?)

(V1) and (V,), that is

) is a unique of

) be another solution of

U(t) = uy + f(t)

- s)“‘l_KOEt, s)
+ F(s,u(s), w(s))ds

and

w(t) = wo +g(t)

- s)“‘l_Hoo(t, s)
+ G(s,U(s), w(s))ds

Assuming

o b* 1 &,
Il u(t) —u(t) I< o) Zt(K1 Il u(s) —

0O 1Y+ Ky I w(s) — W(o) 1Y) ........ (21)
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and

- bot—l 52
I w(t) —w(b) I< ) Et(Ll Ilut) —

() 1B+ Ly | wy () — w(t) 1B)....... (22)

llu(t) — Qo)
@w@—wwﬁs
(nwo—ﬁanw>

Il w(t) — w(e) 1P

By iterating the inequality (21) we
have

( llu(® —a®l )
lw(®) =Wl
Ihu(®) —ac I )

=Q" <|| w(t) — W(t) I8

Then by the condition (15), we find
that

lu(t) — (ol 0
<Ilvl\lf(t) — lev(t)H) - (o)

has (U9) = (10),

w(®/  \Ww(D)

, u(t)
Hence the solutions (w (t)) of (V;) and

(V) is a unique on the domain (1).

V. Stability Solutions of (V;) and (V,).

In this section, we can study the stability
solutions of Volterra integral equations

(V1) and (V,) respectively.

Theorem6. Suppose that the functions
F(t,u, w) and f(t, u, w) be continuous in
the domain (1) and satisfy the
inequalities (2) and (3). Then the
solution (9) is stable for all t > 0.

Proof: Taking

doi : 10.25007 / ajnu.v8n4a480



Academic Journal of Nawroz University (AJNU)

_ _ Y
I u(t) — u(t) ||_ _ )A —tlluy—uo IV+

b*1§
T 2 MalKy lu(®) = 1Y+ K, |

T R (5 ] L4 R (24)
and
I w(® = W) 1< 22w, — @ 15+

b - 82 _ B
T MLy Hu(® = GO 1P+ L |

W) = WE) 1P (25)
where
) t
u= + f(t) + ﬁ K(t,s)

+ F(s, u(s) w(s))ds
and

W =w, + g(t)

— [nes
@ )
+ G(s, u(s) w(s))ds

Rewrite (24) and (25) in a vector
form that is

( llu(® —a®ll )

iRy

u-— uO

Ui _V_v<°>"6) ® I
Il u(t) —a(t) |

+Q (n w(t) — w(t) ||B>

For |lug — Tl < 84, llwg — Wyl < &, then

( [lu(® —a@ll )
lw(®) = wOll

- (g;)ll GO
u —u
Q (n w(t) — w(b) ||B)

By using the condition () we have

lu(®) —a@®ll
<|Ivl\lr(:) - 3—v(tt)||) = (2) €1,€, > 0.

Also by using the definition of the

e . ut)).
stability [] we find that (v_v ( t)) is a stable
solution t > 0 of (V;) and(V,).

3. Another results of the solutions
(V1) and (V).

In this section, we can study the
solution of Volterra integrals
equations (V;) and (V,) by using:-

Theorem?. With the hypotheses and all
conditions of theorem (1) the solutions
of integral equations (V;) and (V,) are a
unique on the domain (1).

Proof: Assume that (C[a,b],II. [)is a
Banach spaces. Define a mapping T on
C[a,b] by :-

Tu*(t)
=uy + f(t)
— [ k(s 0F(s,u(), w()d
F( ) S, s,u(s),w(s))ds
and
Tw*(t)
=up t+ g(t)
F( ) H(s, ©)G(s, u(s), w(s))ds
then
I Tu(t) — Tu*(t) I
a—1 8
< F( e —b(K; Il u(t)
—u ()Y
+ K, l w(s) — w*(t) IIY)

.................. 27)
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I Tw(t) — Tw*(t) Il

< F(a)gib(Llllu(O

—u (D) IP

+ Ly I w(s) — w*(t) I®)
................................ (28)

Rewrite (27) and (28) in a vector form

( Il Tu(t) — Tu"(0) I )
I Tw(t) — Tw* (o) I

(B8, e
! I'(a) A4 2 I'(a) A
e
! I'(a) A, 2 I'(a) A,

( lu(t) —u* (o) IY )
Il w(s) — w*(t) I®

By using the condition ()

Tu*(t)
Then (Tw* ®
on [a,b]. By using Banach fixed point

theorem such that

(Tu*(t)) = (Tu(t)) is a fixed

) is a contraction mapping

Tw*(t) Tw(t)
point on Cla,b]
Then
Tu*(t)) L. . :
(Tw* ® is exist and unique solution of

(V1) and (Vy).

Note. Picard approximation method
gives us a global solution for Volterra
integral equations (V;) and (V,). While
contraction mapping theorem gives us a
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local solutions for Voltterra integrals
equations (V;) and (V;).
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