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ABSTRACT

The aim of this work is to study the existence, uniqueness and stability solutions of Volterra integrals equations by
using both Picard approximation and Banach fixed point theorems. This study leads to develop and extend the above

theorems and to expand the results obtained by Butris.
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1. Introduction
1.1 Literature Review

Some results on the existence , uniqueness and stability
solutions of Volterra integrals equations have been
obtain by Picard approximation and Banach fixed point
theorems that were proposed by [7]. As well as, these
results applied in many studies [2,4,5,6,8].

Vito Volterra (1860-1940) worked on integral
equations and especially in finding inverse of integral
operators, particularly in theory of integral equations
and are contribution concerning nonlinear functional
analysis [3]. Butris [1] used Picard approximation and
Banach fixed point theorems for studying the existence
and uniqueness solutions of the following integral
equation of Volterra type.

t

u(t) = f() + f F(t,s)u(s)ds, (t € [0,h])

In this equatoion the functions f(t) and F(t,s) are
continuous on finite interval 0 <t < h and the square
region 0 <t < h, 0 < s < h, respectively.

This work extended some results of Butris [1] to
Volterra types, by using also both Picard approximation
and Banach fixed point theorems which are given by[7].
Consider the following integrals equations of Volterra

types
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u(t)
= uot +f(@®)

+ fK(t, S)F(s,u(s),w(s))ds (D

—00

and
w(t)
= uot +g(0)

+ fH(t, $)G(s,u(s),w(s))ds ..(2)
where
u €D, €R"Yw €D, €R™ Dy, D, area compact domains.
The vector functionsf(t),g(t), F(t,u,w)andG(t,u,w)
continuous on the domain
D ={(t,uw);t e R, u € D;,w
€ D,}. -(3)

Suppose that the vector functions F(t,u,w) and

f (t,u,w) satisfy the following inequalities
IFtuwll <=M, [lcEuw)l <M,

|F (¢, ug, wi) — F(E up, wo)ll < Kqllug —uall + Ko llwy — woll ¢ (4)
1G (&, uy, wi) = G(& up, wo)ll < Lylluy — upll + Lallwy — wyl|
For allt € R, w,uj,u, €D, w,w,w, €D, where

M;,M,,K;,K, and Ly, L, are positive constant. This
provides
1Kt )l < 8,674, IH(t, )| < Spe7429)
.. (5)
where 81, 8;, 44,4, > 0, with ||.|| = maxeepopl- |-
The non-empty sets is defined by:-
[
Df = D1 - M1 Z
5, ...(6)

Dy =D, = M; 3

Furthermore, assume that the largest Eigen-value of
the matrix
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K, 2h K2 h
0= A1 A1
= 5y 5y
Ll Z h L2 Z h
less than one,
iedmax (Q)< 1 ..l(7)

_ (a+d)+y(a+d)?-4(ad—bc)

where Ay = 2
where azKlﬁh, b=K2ﬁh, c=L15—2,h d=
s A1 Aq Az
2
LZ Z h.

Define the sequence of a functions {u, (t), Wy, (t)}m=0 by
the following
Un(£) =ug + f(t) + f_too K(t, $)F (s, um—1(), Wp_1(s))ds
with

()
uo(0) =up + f(¢t
and
Wi () = wo + g(8) +
f_too H(t,s)G (S, Upm_1(S), Wp_1(s)) ds ...(9)

wo(0) = wo + g()

1.2. Preliminaries

Some definitions and theorems which needed are given
in this work.

Definition 1.[1].

Let (D,II.1I) be normed space if T maps D into itself, T
is a contraction mapping on D if there exists «€ R! with
0 <x< 1 such that

Il Tx() = Ty(®) I< a | x(t) — y(©) I, (x(2), y(©)) € D.
Definition 2.[1] (Lipchitz Condition)

Let f be a continuous function defined on a domain
D ={(t,x):a<t<b,c<x<d} Then f is said to satisfy
a Lipchitz condition in the variable x on D, provided that
a constant L > 0 exists with property that |f(t,x;) —
f(t,x)| < Llx; —x,|, for all (t,x;),(t,x;) €D.The
constant L is called a Lipchitz constant for f.

Definition 3.[8](Stability)

A solution x(t) is said to be stable if for each € > 0,
there exists a 6 > 0 such that any solution ¥(t) which
satisfies || X(ty) — x(ty) || < 8 for some t,, also satisfies
[| X(ty) — x(ty) || < eforall t > t,.

Definition 4.[8]

Let x = f(t, x) be a system of differential equation and
let x(t)be a solution defined for t > t,. The solution x(t)
is said to be stable if for each € > 0 there exists a positive
& = §(€), such that any solution x(t) which is defined at
t =ty and satisfied || x(x,) — x(ty) I< & is defined for all
t > t, and satisfies
Il x(t) — x(t) I< € for all t = t,.

doi : 10.25007 /ajnu.v8n3a351

Definition 5. [1]

Let {f,,(t)}m=0 be a sequence of functionsf defined on
aset E C R we say that {f;,(t)};m—oconverges uniformly
to the limit function f on E if given & > 0 there exists a
positive integer such that |f,,,(t) — f(¢)| <&,

(m=N,t € E).
Theorem 1.[1](Banach fixed pointl theorem)

Let E be a Banach space. If T is a contraction mapping
on E, then T has one and only fixed point in E.

Theorem 2.[1]

Assume that c[0,h] be a space of all continuous
functions on [0, h], for all x(t) € c[0,h], we denoted ||
x(t) = tem[%c]lx(t)l. Then (c[0, h, || 1]) is a Banach space.

Existence Solutions of (1) and (2).
The investigation of the existence solution of (1) and(2)
will be the introduced by the following theorem:-
Theorem3. Let the vector functions f(t),g(t)and
F(t,u,w),G(t,u,w) defined and continuous on the
domain (3) suppose these functions are satisfying the
inequalities (4),(5) and the conditions (6), (7). Then there
exist a sequence of functions (8) and (9) converges
uniformly on the domain
G* = {(t,ug,wy) € [0,h] X D,
x D,}
u(t)

w(t)

on the domain (3) and satisfies the following integral
equations:-

o

/uo + () + JK(t, s)F(s, ug (t, g, wy), wy (t, uo,wo))ds\l

..(10)

to the limit vector function ( ) which is a continuous

— 00

= t

kwo +g(t) + jH(t, s)G(s, ug (t, ug, o), wy (t, uo,wo)) ds)
and it is exist solution of (1) and(2).
Provide that

...(12)

M
(lln(® )
i) — woll) = k o )
and
llum 41 (t) — uo(t)”) -
< Q™(E - g, ..(13
() wyco) < 2" E =070 12
forallt € [0,h] and u, € Df,wo € Dy, m=0,12,.....
where
8y
17
52
27,
By mathematical indication we can prove that

"1,0:



. (14)

That is u,,(t) € Dy, for all t € [0, h] and u, € Dg.
Similarly, from the sequence of functions (9) and we
obtain that

5,
lum () = woll < M, 2
1

1)
nw@—wmmf ...(15)
2

Thatis w,,(t) € D,, forall t € [0,h] and w, € D,.

Next we shall prove that the sequences of functions (8)
and (9) converge uniformly on the domain (10). Then by
mathematics induction we have

1 () = um @Ol
< Kl () — um-1 (Ol

+ Ky llwn(®
— W1 (1D ..(16)
and

W1 (8) = Win (O] < 2 Ll (8) = 1 (O] +

Lo Wi () = win—1 (O] ~(17)
Rewrite (14) and (15) in a vector form we get

l‘Um+1 < Q(t) l‘Um (18)
where
W = (Ilum+1(t) - um(t)ll)

LT W1 (8) = wi (D)
by = ([1en )~ s Ol

N\ wn (8) = Wi (DI
and

K2t Kyt

Q) = Llj—zt sz—z t

Now we take the maximum value for the both sides
of the inequality (18)
l‘Um+1 = Ql‘Um
where Q = maxe[onQ (£).
By repetition of (19) we find that ¥,,,; < Q™¥, and also
we get

m oo
Z W, < z 01w,
i=1 1

i=
Using the condition (17), thus the sequence of functions
(8) and (9) are uniformly convergent, that is

m [e]

lim ) Q™ ly, = Z Qmly,
it i=1

=(1
-Q)7'Y,

..(19)

e (20)

. (21)
Let
- (Um(®) u(t)

JHim (Wm(t)) = (w(t))
Since the sequence of function (8) and (9) are defined and
continuous in the domain (3) then the limit vector
u(t)
w(t)

domain (3).

. (22)

function ( ) is also defined and continuous in the
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By using the conditions and inequalities of a theorem ,
we can prove that the inequalities (12) and (13) will be
satisfied for all t € [0, h],uq € Dp,wy € D, m = 0,1,2.... .

2. Uniqueness Solutions of (1) and (2)

The investigation of the uniqueness solutions of (1)
and (2) will be introduced by :-
Thorem4. Let all assumptions and conditions of Theorem
3 be satisfied.
u(t)
w(t)
) be another solution of (1) and (2), that

Then the solution <

u(t)
w(t)

) is a unique of (1) and (2).

Proof. Let <
is
) =ug+ () + fK(t, S)F(s,u(s),w(s))ds

and
t

w(t) =wy +g(t) + jH(t, s)G (s, u(s), w(s))ds

—00

Assuming

I w(t) — i(t) 1< ‘;—h (K, Iu(s) —3(t) I +K, Il w(s) —
W) | (23)

and

I w(©) = () 1< 22 Ly 1) = 400 1 +L | wip (8) -
W) | ..(24)

llu(@) —u @l llu(@) —a @l
(e~ o) = 2wy - wconn)
...(25)

By iterating the inequality (23) we have
<|Iu(t) —a()ll ) <om < llu(®) = a@ll )
lw@®) —w@ll/) ~ lw(@) —w()l
Then by the condition (17), we find that

(l=0 =2l (0)

llw(®) —(Vg/(t)ll i )0

u(t u(t
Thus <w(t)) = (W(t))'
u(t)

Hence the solutions (W ®)

the domain (3).
3. Stability Solutions of (1) and (2)

In this section, we can study the stability solutions of
Volterra integral equations
(1) and (2) respectively.
Theorem5. Suppose that the functions F(t,u,w) and
f(t,u,w) be continuous in the domain (3) and satisfy the
inequalities (4) and (6). Then the solution (11) is stable for
allt = 0.

) of (1) and (2) is a unique on

Proof: Taking
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§1M,
A

I u(e) — () 1< %t Il ug — T Il +
+K, lw(t) —w(t) ]

and

Il w(t) — w(e) I< %t Il wy — W | +j—§M2[L1 Il u(t) —
a) I +L, l w() —w(t) Il] ...(27)
where

[Kp lu(@) —u@) |
....(26)

t

U=uy+ f()+ fK(t, S)F (s, u(s),w(s))ds

and
t

w=w,+g()+ fH(t, $)G(s,u(s), w(s))ds
Rewrite (26) and (27) in a vector form that is
(IIU(t) - l_l(lf)ll) < (Iluo - ﬁoll) +Q (Ilu(t) - ﬁ(t)ll)
lw(®) —w@Il/ ~ \llwg — wol| lw(®) —w(®)ll
For ||ug — Toll < 64, llwg — Wel| < 8, then
(Ilu(t) - ﬁ(t)ll) < (51> +0 ( llu(t) — ﬁ(t)ll)
lw(®) —w(OIl/ ~ \5, llw(t) —w(@®)ll
By using the condition (17) we have
llu(t) — @l €1
(”W(t) ~ V_V(t)”) < (62), €,6 2 0.
Also by using the definition of the stability [8] we find
that <\;/((?)> is a stable solution t = 0 of (1) and(2).
4. Another results of the solutions (1) and (2)
In this section, we can study the solution of Volterra
integrals equations (1) and (2) by using:-
Theorem6. With the hypotheses and all conditions of
theorem (1) the solutions of integral equations (1) and (2)
are a unique on the domain (3).

Proof: Assume that (C[0,h],ll. II)is a Banach spaces. Define
a mapping T on C[0,h] by :-
t

Tu*(t) =uy+ f(t) + fK(s, t)F(s,u(s),w(s))ds
and -
t

Tw*(t) =uy+g(t) + fH(s, t)G(s,u(s),w(s))ds

then

Il Tu(t) — Tu"(®) I< ‘;1—1h(K1IIu(S) —u (@Ol +
Kllw(s) — w' @l ...(28)

and

I Tw(t) — Tw*(t) IS == (Lyllu() —u @Ol +

Ly lwy (8) = w™ (@)D ..(29)
Rewrite (28) and (29) in a vector form

521
Az
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( Il Tu(t) — Tu*(t) |l )
Il Tw(t) — Tw*(t) Il

K2 K, 2
<A ok (M@ -l
= 22 llw(@®) —w* @l
By using the condition (7), so that

(Tu* ®
Tw*(t)
Banach fixed point theorem such that

(Tu*(t)) _ (T“(t)> is a fixed point on C[0,h]

) is a contraction mapping on [0, h]. By using

Tw*(t) Tw(t)
Then
Tu*(t)) .. . .
<TW* ) is exist and unique solution of (1) and (2).

Note. Picard approximation method gives us a global
solution for Volterra integral equations (1) and (2).
While contraction mapping theorem gives us a local
solutions for Voltterra integrals equations (1) and (2).
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