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ABSTRACT

In many real-world applications, the data to be used in a control charting method are not crisp since they are approximated
due to environmental uncertainties, In these situations, fuzzy numbers and linguistic variables are used to grab such
uncertainties. That is why the use of a fuzzy control chart, in which fuzzy data are used, is justified. As an exponentially
weighted moving average (EWMA) scheme is usually used to detect small shifts, in this paper a fuzzy ENMA (F-EWMA)
control chart is proposed to detect small shifts in the process mean when fuzzy data are available. As well as The fuzzy
regression control chart which is a functional technique to evaluate the process in which the average has a trend and the data
represents a linguistic or approximate value.

In this paper, the application of fuzzy logic in statistical quality control have been done by plotting fuzzy EWMA chart and
Fuzzy linear regression model control chart depending on a suggested algorithm prepared for this purpose, as well as the
theoretical structure of the “a-level fuzzy midrange for a-cut fuzzy -regression control chart” is proposed for triangular
membership functions and applying that to the chemical analysis data of a water component, Total Dissolved Solid ( TDS) in
water from the KANY Factory to detect small shifts in the process means, the data contains three groups (TDS-a, TDS-b, TDS-
c), for 24 days each day containing 5 hour data, as shown in Table (1)

The comparison showed that the fuzzy linear regression model Control chart is a good technique and more suitable, accuracy,
sensitivity than the traditional linear regression model Control chart.

KEY WORDS: Fuzzy Sets, Fuzzy Numbers, Control Charts, Regression Control Chart, FEWMA, and Fuzzy Linear Regression
model control charts.

1. Introduction

LCL = D4R
The Dj,and D, are the constant tabulated for R-

Statistical Process Control (SPC) is approaching that CL=R

uses statistical techniques to monitor the process. The

techniques of quality control are widely used in
controlling any kinds of processes. The W.Shewhart
1924 is famous India statistics, he is the first one who
produced the control chart. These are called a
traditional variable control chart, which consists of
three horizontal lines called Centre Line (CL), Upper
Control Limit (UCL) and Lower Control Limit (UCL)
are represented by numeric values. From the Shewhart
chart (UCL, and LCL) defined as this formula:
UCL,LCL =y, + do
Let be p,, and o0,, be a mean and standard deviation
of w sample statistics and d is the distance of the
control limits from the center. And the Range chart:
UCL,LCL =X F A,R
Where X Is mean, A, is a constant tabulated and R is
the average of Rang.

UCL = D,R

Chart.[3]
The Exponentially Weighted
(EWMA)

Moving Average

Control Chart was introduced by
Roberts(1959) for monitoring the process mean is

defined as:

Z; =X+ (1 —-2Z;_; Where Z, =y,
UCL, LCL
= Ho

A .
iLo\](z_}\)[l—(l—X)Zl] (D)

Note that the equation [1 — (1 — 1) ]become unity as
i gets larger. Then the UCL, LCL of EWMA it becomes:
UCL, LCL

A
°je=n

= Ho +L (2)

The fuzzy theory was first proposed in 1965 by Zadeh.
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It is a mathematical tool that deals with uncertainty
which comes from a shortage of information,
incompleteness, vagueness and inaccurate of
measurements. The fuzzy EWMA control chart was
proposed by Senturk et al, Suggested a fuzzy EWMA
(F-EWMA) control chart to study fuzzy process data
using a-cuts, we used FEWMA control chart for
monitoring the Yarn process.
Fuzzy EWMA statistics and their calculations are
defined and the proposed method for drawing and
analyzing control charts based on these statistics are
discussed. Fuzzy EWMA statistics are used in order to
monitor each one of the profile parameters. The Fuzzy
Exponential Weighted Moving average FEWMA
Control chart when o, ,0,,0,. are known, there for
R,, Ry, R, Are average of the range, where the range
of (a, b, c) obtained as followings:

R, = Max(X,;) — Min(Xy)

Rp; = Max(Xy;) — Min(Xyp;)

Ry

= Max(XC]-)

— Min(Xy) ¢
Where the max(X;;), and Min(X;;) are a fuzzy
numbers in the sample.
When detecting a small shift in process with fuzzy
observations, the FEWMA control chart should be
used to evaluate the process, X,1,Xp;,Xc; Are the
fuzzy average of sample size n. The Fuzzy
exponentially weighted moving average is defined as:
[21[3][4][511811°]

Zl = A(galﬁgbl;gcl) + (1 - A)(ia, ib' ic)
Z2 = }\(EalrEblrEcl) + (1 - A)Z1
Z3 = A(Xaz; sz, Xcz) + (1 - )\)ZZ s (4)

Zm = )\(Xamlxbmixcm) + (1 - )\)Zm—l

- = =, 3 1
UCL 'LCLEWMA = (Xale’XC)\/_ﬁ(aa’ Op, O-C) 21

UCL, LCLpyn = X, 720 |1 7,732 | 1
EWMA \/Ez_l’b \/ﬁ

Clpwma = ()?a’)?bf)?c)

Where the standard deviations and fuzzy averages are
knowing.

The a-level fuzzy median for a-cuts FEWMA control
chart for (o,, 03, 0.) are known, and the transformation
techniques are applied to a-cuts FEWMA control
charts for obtaining the crisp value of control limits,
the a-level fuzzy median for a-cuts are obtained for the
sample number t is moderately large and t is small as

follows:

_1 A
UCLS ca-ewmar LCLoea—gwma = Cliea-swma F W (0,05, 05) 2-1
n \ (D)

[u—y

CLyea-swma = g( ar )?b X?)

The Sample with FEWMA control chart, we can
calculate the a-level fuzzy median value if the
standard deviation is unknown then to calculate the

FEWMA is this formula [3][4][7]]8]

=X, TAR, Xb+A2Rb T3 X, F AR,

med EWMA = ij X

To define or monitoring the Process of the FEWMA

where a =0.65 if the process for X, , X, X, then:

R = Kyybo (R — Koy)
X5 = Xyt (Raj — Kpy)
X5 =Xej+oc (Xe; — Xp)) .
RS = Raj+o< (Ry; — Raj) J
RS, = Ry +x (Ray — Roy)
jo Rej+o< (Rej — Rp))

=1,..,n . (9
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Fig(1) Triangular fuzzy parameter and its a -cuts.

After calculating the fuzzy number with a-cuts for
average for the first sample a-level fuzzy median value
is obtained. Since this value is between control limits,
the first sample is in control. Also the condition of
process control for each sample is defined by using the
following: [10][11]

Process control

_ {in — control, for LCLGeq—pwma < Smea-rwma < UCLsnea—gwma
out — of control, otherwise

Where:

1,._ = _
Smed-EwMAj = g(Xffj + Xp; +X5) ... (10)

2. Fuzzy -Regression Control Chart:[6][7][11][13]
Liner model is one of the most efficient statistical tools
that are used in many ways, Using regression
techniques on the experimental observations has
allowed the study of many phenomena in various
fields of science as: Agriculture, Chemistry, Medicine,
Environ UCLgwma, LCLEwmaent, Psychology, Biology,
and Economics the regression model is of the statistical
approach to study the relation between variables to
describe the status of data fit the model and to control
it.

Fuzzy linear models describe linear relations between
relationship between a dependent variable and a set of
independent ones, the input data (independent
variable X), the output data (dependent variable Y).

In data types of model parameters, as well as a

number of the parameters. Since the model selection is
primarily data type driven, we used the data type as
the feature for classification of the models.
We estimate the following general fuzzy linear model
as

Vi =Bo +B1Xi+ ¢ where i =
1,...n . (1D)
The parameter (B0, 1) is estimated by using the

following normal equations, solving a linear squares

problem
By = ﬁlij_ﬁl jeit
0 m
4 = i1 X (G — 1) e (12)
! }'n=1(tj - 52

Where thevalue of tisaveraget;

Where the X; Represents the average of n observations
in the j** Sample, and the X Is the average of all mean.
The traditional regression control chart, there for the

UCL, LCL is:

IELMLM$&=GO+&q$Aﬁ
CLreg-x = Po + B1t

Where the A4,is a constant value and the R is the

.. (13)

average of the range.

3. Fuzzy X-bar regression control chart [1][9][14]
The data are represented as fuzzy numbers as
(Xaij Xpij Xcij) , and the average of fuzzy sample is

(Xaij» Xpij» Xcij), are calculated as follows:

= it Xaij
Xaij =———
S Z?;leb.ij
Xpij = == ...(14)
_ Y oX
Xeyj ==
Where: i = 1...nand j=1..m

The fuzzy linear regression model of each fuzzy

number can be the following equations:

XReg—al.j =Boa + Blat]’ te
XReg-bj = Bob + Piptj + €
XReg—c.j = Boc + Blct]‘ t+e

... (15)
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And By, Bic Are estimated with similar calculations
for theX,; and X

And we are calculating the

WhereX,;= X,;—X, , j=1...m
s _ ZjtiXaj
X, =2 ; aj
- m g
X, = z,ﬂ% .. (16)
ic — Zjn:11xc.j
m
The mean of range is:
— M Raj = R —
Ra = Z—]_in 2] , Rb = —E]_rln bJ , ¢ =
Zjn=l1Rc.j
-— ..(17)

UCL, LCLpeg-%; = Bao + Blati F AR, Boo + Elbti F AR, Boo + Blctj FAR:)

T e Ta Poo T BbE TR T B . (18)
CLreg-%, = ((Bao + Biatj » Boo + Bantj » Beo + Bucty)

The a-cut fuzzy X-regression control chart for TFN ,

then the Xg,_,;  and Xg,_.; are

X0 = L= a)(Boa = Piaty) + a(Bor — Pin t;)

X&g—cj =@ =a)(Boc — Picty ) + a(Bor — Bin t;)
Rieg-aj = Ra + a(Rp — Ry)
Rgty—cj = R+ a(R; — Rp)

The a- level fuzzy midrange for a-cut fuzz X-
Regression control chart can be calculated by using the

midrange. Transformation technique as follows:

UCL(:m Reg— X 'LCL?m Reg— X]
(XReg a] eg—c.j)
2
_ R¥ + R¥
A, (¥> . (20)
2
CL(rznl Reg— X]
( Reg— a] eg C])
. (21
> @1
LCL;Ined —Reg— X] Sr‘:wd Reg— X]
< UCL® ..(22)

med—-Reg—X ;
4. Application: Numerical illustration

In this paper is to analysis the using the fuzzy FEWMA
and fuzzy X-Regression control chart for the chemical
analysis data for one of the components of water is

Total Dissolved Solid (TDS) from KANY factory, the

data contain three groups(TDS-a, TDS-b, TDS-c) , the
data for 24 days each days contain 5 hours, as shows
in table (1).

Table (1): Total Dissolved Solid (TDS)in the water from

KANY factory
Group 1 TDS-a  TDS-b  TDS-c  Range
1 116 120 115 5
2 114 126 120 12
3 127 119 120 8
4 124 120 120 4
5 120 124 120 4
Average 120.20 121.80  119.00
Range 13 7 5
Group 2
Group 2 122 125 127 5
1 123 128 122 6
2 125 125 122 3
3 124 124 122 2
4 120 120 121 1
5 122 125 127 5
Average 122.80 12440  122.80
Range 5 8 6
Group 24
1 121 117 119 4
(19 2 128 122 124 6
3 122 123 121 2
4 118 124 125 7
5 119 118 125 7
Average 121.60 120.80  122.80
Range 10 7 6
X 11995 12043  119.97
R 10.13 8.79 8.67

Table (1) contains the sub average and range of (24)
groups, although contain the all total, average of (24)
groups and average of the range. By using the equation
(4) and data in table (1) we can calculate the fuzzy
exponentially weighted moving average for Group
(Xo Xp, X.), as is shown in table (2)

Table (2): FEWMA value

Za Zb Zc
Z-0 119.95 120.43 119.97
Z-1 120.00 120.71 119.77
Z-2 120.56 121.45 120.38
Z-3 120.77 121.32 120.66
Z-4 120.41 120.89 120.13
Z-5 119.97 120.03 119.54
Z-6 119.50 119.75 119.40
Z-7 119.56 119.84 119.20
Z-20 120.55 120.94 121.09
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Z-21 120.48 121.27 120.95
Z-22 120.30 120.74 120.44
Z-23 119.96 120.27 120.11
Z-24 120.29 120.38 120.65

To define the fuzzy EWMA control chart are using the
equation (6) and data Table (1) the value of
UCLgwma, LCLgwma are (121.90, 118.0) and CL of
FEWMA ais (119.95) as in table (3), and Fig(2), Fig(3),
Fig(4) show that the distributed of the FEWMA control

chart for X,,X,, X, it is seen that there is no point out

of control.
Table (3) UCL, LCL of FEWMA
Xa Xb Xc
UCL a 121.90 1221243  121.6336
CLa 119.95 120.43 119.9667
LCLa  118.0026 118.7424  118.2998

FEWMA-Xa
LSL = 118.0, Nominal = 119.95, USL = 121.9
122 6 ‘ ‘ : ‘ -
i 112174

121l A

1ol ]

- 119.90

1 118.16

118 i ‘ ‘ ‘
0 5 10 15 20 25
Observation

Fig(2): FEWMA control chart of X,

VFFWMA-Xh'

123 T E T -
L LSL = 118.74, Nominal = 120.43, USL = 122.12

122 1121.89
121f 4

< I /\ /\___\ /\

NVt = 1o

119 - 118.97

118F ) Observation .

1 1

0 5 10 15 20 25

Fig(3): FEWMA control chart of X/,

FEWMA -Xc
T T T T T
122~ LSL =118.3, Nominal = 119.97, USL = 121.63 ]

1121.44

o /\/a
1>2<o = W J110.86

119 -

T

1118.49

118 Observation 4

1 1 1 1

0 5 10 15 20 25

Fig(4): FEWMA control chart of

The limit of the Fuzzy median transformation
technique is integrated to the a-level fuzzy median
calculated by the equation of (7) with value of a is
(0.65) the value X¥ ,RY  as shows in table (4),
calculated by equation (9), and the determined the
UCL} cq—pwma and LCLY .q_pwma (121.8, 118.35) for
sample size (24) by equation (8) as shows in table (4),
and calculated the a-level fuzzy median value of
Smed-Ewma For 24 samples at shows in table (5), from
the table (6) shows that there are (6) from (24) points
are out of control and as shows in Fig(5).

Table(4) evaluate UCL},4_gwma and LCLY .4_rwma

Xs 120.2642
XX 120.27
R 9.258333
RX 8.747917
a -Cut FEWMA
FEWMA UCL LCL
X, 122.0449  118.4835
X, 122.1243  118.7424
X, 121.9525  118.5875

Fuzzy median Transformation Tech. a —cut
EWMA

121.8
118.35

UCLC‘;(ned—EWMA
LCLl’;(ned—EWMA

Table (5) a-level fuzzy median value of S;eq_gwma

P Xy X} Xy med—reg—%  121.8<5<118.35
1 121.24 121.80 117.18 120.0733 In control
2 123.84 12440 121.76 123.3333 Out Of Control
3 121.08 120.80 122.45 121.4433 In control
4 11913 119.20 117.22 118.5167 In control
5 117.16 116.60 117.59 1171167  Out Of Control
6 118.25 118.60 118.93 118.5933 In control
7 120.06 120.20 117.23 119.1633 In control
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8 120.34 121.60 116.98 119.64 In control Xg]:65, X(CJ]_.65 by integrating an a-cut, where 0.65 By
9 12219 12380 11753  121.1733 In control
10 11918 119.60 119.93 119.57 In control equation (19) we can calculate the a-cut fuzzy means
11 12059 12080 120.14 120.51 In control —0.65 —0.65 .
12 12122 12080 11915 12039 Tn control of ranges Ryi™ , Ry As shows in table (6), and
13 11833 11840 11939  118.7067 In control estimated the UCLYSS; and LCLYES,
14 1189 11820 117.87 1183233  Out Of Control
15 11817 11740 12037  118.6467 In control Table (6) a-cut fuzzy mean of X -regression
16 12075 121.80 117.18 119.91 In control X05%=120.3071 -0.0205 Tj
17 12113 12120 12021  120.8467 In control R05= 120 1544 0,05 ]
18 120.2 12020 12251 120.97 In control _0].65 —
19 12209 121.60 12523 1229733  Out Of Control Raj” =9.258
20 12223 123.00 12267  122.6333  Out Of Control RO = 8.748
21 12176 12260 118.97 121.11 In control UCLOES. LCLO6S
22 11895 11860 11827  118.6067 In control <) Re)
23 11847 11840 11906  118.6433 In control 125.649+0.03Ta 114.965-0.0205Ta
24 121.08 12080 1241  121.9933  Out Of Control 125.74-0.02 Tb 115.595-0.02Tb
S (med-EWMA) 125.203+0.07 Tc 115.106+0.035Tc

12451 | 5| =120.17, Nominal = 118.4, USL = 121.8

(TN
A A
mvAlvaniiy

117 L L Observation L L L
0 4 8 12 16 20 24

1185

Fig(5) a-level FEWMA control chart
5. Regression
The regression equations of the application were
calculated by data as in table (1) and by using the
equations for the a-level fuzzy midrange for a-cut
fuzzy X -regression control chart, and the “a-level
fuzzy midrange for a-cut fuzzy R control chart .
To calculate the fuzzy X-linear regression model for
each fuzzy number ( X, Xp; , Xj) Can be estimated by
equation(b), and to calculate the parameter (Bg,, B12) Of
fuzzy linear regression by Equation (12) with data in
table (1), where the dependent variable is the
arithmetic mean and the time (t) are independent
variables:

XReg-aj » XReg-bj » XReg-cj

Where:
XReg-aj = 119.64 +0.0289 Ta
Xreg_bj = 120.7 —0.02Tb
Xeg_cj = 119.2 +0.07 Tc

To Estimate the a-cut fuzzy mean of X -regression

a-cut fuzzy X -regression Control chart TFN by using
the equation (19) was the X%, X%®® value and the
control chart as shows in table (7), if the a-cut, where
0.65 was selected are trend control. The process
condition was set to evaluate the process with an the

a-level fuzzy midrange transformation for the a-cut

fuzzy X -regression and R control charts
UCL‘;‘ni_Reg_gj,LCL‘;‘ni_Reg_g]_ . The Upper and lower

calculated by the formula as equation(20) , where
a=0.65 and A2=0.577 are given as shown in table (7).
Table (7)

UCLYSS g = 125.43 -0.028¢t

CL0.65

065 gi = 120.23 -0.028t

LCLYSS rgj = 115.-0.028 T

The conditional process control limit of a-level fuzzy
midrange for the a-cut fuzzy midrange transformation

technique and the limit value of S7, Xj Calculated for

mi—X

sample size (24) by using equation (20), the control

limit is

a a a
]“C]“med—Reg—Xj < med—Reg—X]- = UCLmed—Reg—)_(]-

125.43 - 0.028 T < S}

med-Reg-X; < 115 —0.028T
as shows in table (8)And the Fig(6 ) shows the

probability plot of S{.q_geg-x., table (21) show that the
j

process of control limits of the sample size (24) of TDS,
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it is seen that the all samples in control

127 -

122 A

117 -

112 rT 717 17 17 1T 17T 17T 17 17T 17 17717 17T 17 171717717
1 3 5 7 9 11131517 19 21 23
Fig(6): Control Chart of Sp.q_geg-x.

j
Probability Plot of S_(med-Reg-X )

1
115.0 117.5 120.0 122.5 125.0

Fig(7)The probability plot of S

med—Reg—)_(i

Table (8) Control limits using the «-level fuzzy midrange
for the a-cut fuzzy X -regression control

UCLfned—Reg—)? Srlfted—Reg—)? LCLlfned—Reg—}?
125.43-0.028 T 115-0.028 T
1 125.3977531 121.03 115.0081 Incontrol
2 125.3699749 123.84 114.9804 Incontrol
3 125.3421966 121.12 114.9526 Incontrol
4  125.3144183 118.96 114.9248 Incontrol
5  125.2866401 116.99 114.897 Incontrol
6 125.2588618 118.46 114.8693 Incontrol
7 125.2310836 119.82 114.8415 Incontrol
8  125.2033053 120.48 114.8137 Incontrol
9 125.175527 122.33 114.7859 Incontrol
10  125.1477488 119.43 114.7581 Incontrol
11 125.1199705 120.63 114.7304 Incontrol
12 125.0921923 120.84 114.7026 Incontrol
13 125.064414 118.47 114.6748 Incontrol
14 125.0366357 118.52 114.647 Incontrol
15  125.0088575 118.10 114.6193 Incontrol
16  124.9810792 120.79 114.5915 Incontrol
17  124.953301 121.06 114.5637 Incontrol
18  124.9255227 120.45 114.5359 Incontrol
19  124.8977444 122.23 114.5081 Incontrol
20 124.8699662 122.58 114.4804 Incontrol
21  124.8421879 121.80 114.4526 Incontrol
22 124.8144096 118.74 114.4248 Incontrol
23 124.7866314 118.51 114.397 Incontrol

24 124.7588531 121.29 114.3692 Incontrol
6_ Conc Probability Plot of S_(med-Reg-X)
Inthisy = 1
charts ég .
method E‘E ——
the con ° ;“’*" °:§3 t
haveag < s = DT o

highly capeorcorcaocovermgg o orrromrormreomrer =S
seen that fuzzy set theory is a good competent
technique to draw the control chart. By comparing the
two methods used to detect small deviations in the
initial value of the mean or medium of the process, it
was found that using FEWMA chart is more efficient
than EWMA chart, when we have fuzzy numbers and
linguistic variables used to grab such uncertainties, so
it is necessary to use FEWMA Chart and diagnose
deviations that may occur during the course of the
production process. When the production process is in
its beginner, it gives a clear picture of the production
process through the curves of these charts.

And using the fuzzy - regression control chart to
control the process of production and to solving the
problem. In this paper used the fuzzy midrange
transformation technique on the TDS data to
transform data to crisp number. The numerical data
on the a-level fuzzy midrange for the a-cut fuzzy -
regression control chart idea to use the it is seen that
the Fuzzy X- regression control chart is good technique
and more suitable than a traditional regression control
chart finally, it is seen the TDS data in control limit.
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